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ABSTRACT: Dynamic properties of dilute solutions of neutral and charged dendrimers with explicit
excluded-volume, electrostatic, and hydrodynamic interactions have been investigated by Brownian
dynamics simulation. Three different types of motions in dendrimers up to g ) 5 generations have been
considered: the motion of a dendrimer as a whole; the size and shape fluctuations (pulsations); the local
reorientations of the individual monomers. The influence of the excluded-volume, electrostatic, and
hydrodynamic interactions on these motions has been studied. The characteristic relaxation times have
been compared with the theoretical predictions of the Rouse and Zimm models. The self-diffusion of a
dendrimer can be described with the help of the preaveraged Zimm approach, and a dendrimer may be
considered as an impenetrable sphere with the hydrodynamic radius Rh. For both neutral and charged
dendrimers the hydrodynamic radius is smaller than the gyration radius Rg. The dynamics of the size
fluctuations for a dendrimer with rigid spacers differs significantly from the theoretical predictions for a
dendrimer with flexible spacers. The relaxation of these fluctuations is weakly sensitive to the presence
of the hydrodynamic interactions, and the behavior of a dendrimer is close to that of an elastic body in
a viscous medium. The local orientational mobility of individual monomers is significantly influenced by
the ionization of the terminal groups.

1. Introduction
During the last two decades dendrimers have at-

tracted considerable interest because of their uncon-
ventional properties related to their architecture and
regularity, and the efforts to understand the solution
and bulk behavior of dendrimers have been intensified.
The most widespread are water-soluble dendrimers
which contain charged groups. These ionized dendrim-
ers are used for different applications, in particular in
host-guest systems (as delivery vehicles, for medical
uses, etc.).1-4

The majority of theoretical and simulation efforts is
devoted to the investigation of the equilibrium proper-
ties of neutral dendrimers. It was shown that, contrary
to the predictions of de Gennes and Hervet,5 even in a
good solvent dendrimers have rather compact struc-
tures, with density decreasing from the core to the
periphery. The terminal groups are not fixed on the
dendrimer surface but distributed through the whole
volume. Welch and Muthukumar6,7 studied some sta-
tistical properties of charged dendrimers by Monte Carlo
(MC) simulations. It was shown that such dendrimers
should undergo significant change of their size and
density profile by a change of the solution salt concen-
tration. The terminal groups are shifted to the periphery
by decrease of the salt concentration. MC simulation of
the complex formation between a charged dendrimer
and a linear polyelectrolyte have been also carried out
by Welch and Muthukumar.7 However, the MC method6,7

allows one to study only equilibrium properties of
dendrimers.

The dynamics of dendrimers determines their use
in potential applications. Dynamical properties of

dendrimers are experimentally investigated by small-
angle neutron-scattering experiments, NMR, and other
methods.8-11 To our knowledge there are only few
theoretical studies related to the dynamics of dendrim-
ers in solution12-14 in which the Rouse model for spacers
connecting two consequent branching points has been
used. The Rouse model supposes that the spacer length
is long compared to the bond length. However, in real
dendrimers the spacers contain only few monomers and
should be considered as rather rigid elements. The se-
cond, and even more important simplification used, for
example by Cai and Chen,12 is neglecting of the excluded-
volume interactions. As was shown by previous
studies,13,15-17 these interactions strongly influence the
structure of dendrimers. The effect of the excluded-
volume and electrostatic interactions in charged den-
drimers on their internal dynamics is expected to be also
significant.

Including the excluded-volume, electrostatic, and
hydrodynamic interactions (HI) into the analytical
dynamic theory of dendrimers leads to a significant
complication of the equations of motion. Chen and Cai13

used MC computer simulations to carry out the ther-
modynamical averaging and Rouse and Zimm models
with hard-core repulsive potential for excluded-volume
interactions to overcome these difficulties. With the help
of the preaveraged HI approximation they calculated
different internal relaxation times and the diffusion
coefficient of a dendrimer as a whole. However, the
linearized version of the Langevin equation, used by
Chen and Cai,13 leads in some cases to the wrong result,
in particular, for the relaxation time of the squared
radius of gyration. The direct way to overcome these
difficulties is to use computer simulation of a dendrimer
dynamics.

To our knowledge there exist only few papers where
simulation of dendrimer dynamics was carried out
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explicitly. Murat and Grest16 have performed a molec-
ular dynamics (MD) simulation of a coarse-grained
model of neutral dendrimers of generations g ) 5-8 in
solvents of varying quality. The main attention was
devoted to the study of equilibrium properties of den-
drimers, such as a squared radius of gyration and radial
monomer density, as functions of generation number
and solvent quality. As to dynamical properties, only
the relaxation of the correlation function for the squared
radius of gyration, Rg

2, was considered. The simulated
dependence of the relaxation times on the generation
number was very noisy, and it was difficult to draw any
quantitative conclusions.

Karatasos et al.17 performed MD simulation of coarse-
grained models of AB2-dendrimers. Dendrimers of gen-
erations g ) 3-6 in an explicit solvent were considered.
Excluded-volume interactions were described by the
Lennard-Jones potential with parameter, corresponding
to the θ-solvent of the linear chain. Translational
diffusion, global reorientational motions, and local
segmental dynamics have been investigated. Atomistic
MD simulations of the PAMAM dendrimer at several
pH conditions, with explicit water molecules and with-
out water, were performed by Lee at al.18 Only struc-
tural characteristics were studied in their paper. The
necessity to consider the explicit solvent in MD simula-
tions of dendrimers in solution restricts significantly the
scales of motions under study.

Brownian dynamics (BD) represents a compromise
allowing one to extend time and length scales of
simulated motions.19-22 In BD simulations the solvent
is considered as an effective viscous continuum. In that
way it is possible to decrease the number of simulated
particles. In many cases it is possible also to neglect the
inertial term in equations of motion and increase the
value of the integration time step. In this paper the BD
method is used to simulate the dendrimers with explicit
excluded-volume, electrostatic, and hydrodynamic in-
teractions. Statistical properties of neutral and charged
dendrimers in dilute solution were studied in detail in
our previous paper.23 The squared radius of gyration
Rg

2, the fractal dimension df, the radial-density distri-
bution functions F(r), and the density distribution of
terminal beads FT(r) were calculated.23 Our results show
that dendrimer can be considered as a fractal object with
the fractal dimension depending both on its generation
number and spacer length.

The main goal of this study is to investigate the
dynamical properties of neutral and charged dendrimers
in dilute solution. Dynamic characteristics of dendrim-
ers corresponding to the different time and length scales,
such as translational self-diffusion, characteristic time
of the fluctuations of the radius of gyration, and orien-
tational autocorrelation functions in solutions of differ-
ent ionic strength, have been simulated. The study of
these dynamic properties helps to understand the hier-
archy of the relaxation processes in the considered sys-
tems. Simulation results have been compared with those
produced by previous computer simulation studies and
with theoretical results based on the Rouse model.12,13

The paper is organized as follows. In section 2 the
model and the method of simulation are reported. In
section 3 the different relaxation processes (global,
elastic, and local) in dendrimers are discussed. The
influence of the hydrodynamic and the electrostatic
interactions is analyzed. Finally, some conclusions are
made in section 4.

2. Model of Dendrimer and Simulation
Algorithm

We consider the bead-rod freely jointed model of
dendrimers identical with that used in our previous
papers.19-23 No valence-angle and torsional potentials
are taken into consideration. Dendrimers with three
functional groups are studied. Dendrimer generations
start from the generation g ) 0 consisting of 4 beads
including the core. The total number N of beads in a
dendrimer with g generations is defined by the following
equation:

Here s is the spacer length between the branching
points. The case s ) 1 is considered here. Dendrimers
up to generation g ) 5 (N ) 190) have been simulated.

The dendrimer is represented as a system of beads
with friction coefficient ú, connected by rigid bonds of
length l. The finite-difference numerical scheme imple-
mented here is based on the Ermak-McCammon
equation19-24

where rbi
0 is the position vector of the ith particle (i ) 0

corresponds to the core) before the integration step, kb
is the Boltzmann constant, T is the absolute tempera-
ture, Dij

0 is the diffusion tensor, and ∆t is the integration
step.

The solvent is considered as a structureless viscous
continuum with chain-solvent collisions mimicked by an
random force ΦB0 (white noise):

The complete force ΦB j
0 in the eq 2 acting on the jth bead

is the sum of the forces due to the rigid constraints and
potential forces:

Here σk is the equation of the kth rigid constraint and
µk is the corresponding Lagrange multiplier.

Excluded-volume interactions are defined by the
repulsive Lennard-Jones potential ULJ corresponding to
the athermal solvent, with the cutoff distance rcut ) 2.5σ
and parameters σ ) 0.8l and εLJ ) 0.3kbT:

We simulated dendrimers in which only terminal groups
are ionized possessing the same charge ze. Since the
number of terminal groups increases with generation
number as ∼2g, their ionization leads to rather large
surface charge density. Nevertheless, high degrees of
ionization of terminal groups were observed experimen-
tally for aqueous solutions of poly(propylene imine)25

and poly(amidoamine)26 dendrimers.
The electrostatic interactions Uj

C between the jth and
all other charged beads are approximated by the De-

N ) 3s(2g+1 - 1) + 1 (1)

rbi ) rbi
0 +

∆t

kbT
∑

j

Dij
0FBj

0 + ΦB i
0(∆t) (2)

〈ΦB0〉 ) 0 (3)

〈ΦB i
0(∆t)ΦB j

0(∆t)〉 ) 2∆tDij
0 (4)

FBj
0 ) - ∑

k)1

N

µk(∂σk

∂rbj
)

r0

- ∂ULJ/∂rbj
0 - ∂Uj

C/∂rbj
0 (5)

ULJ(rij) ) 4εLJ( σ
rij

)12
- 4εLJ( σ

rcut
)12

(6)
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bye-Hückel potential

where NT is a number of terminal beads, rij is the
distance between the ith and jth terminal beads, and
λB is the Bjerrum length characterizing the strength of
the Coulomb interactions in a medium with dielectric
constant ε,

The value of λB in water at room temperature is about
7 Å and is close to the segment length for a usual flexible
polymer. Therefore, we could put λB ) l without loss of
practical generality. rD in the eq 7 is the Debye length,
which depends on valencies and concentrations of ions
in the solution,

ci and zi are the concentration and the valence of the
ith ion, respectively. Two cases, z ) 0 (neutral den-
drimer) and z ) 1 (charged dendrimer) have been
simulated. We have considered the same values for the
Debye length, rD, as used by Welch and Muthukumar:7
rD ) 0.8, 1.54, 8.96, and 100, corresponding to different
values of the salt concentration in water (from 0.28 M
to the solution with almost nonscreened electrostatic
interactions).

HI are taken into account explicitly with the help of
the Rotne-Prager-Yamakawa tensor.19,21,27 The diago-
nal elements of the diffusion tensor Dii are defined as

where R and â are Cartesian components and δRâ is the
Kronecker symbol. Nondiagonal elements of the diffu-
sion tensor are represented as

for Rij ) |RBij| ) |rbi - rbj| g 2a and

for Rij < 2a, where Rij is the distance between the ith
and jth beads with the hydrodynamic radius a. The
strength of the HI is defined by the parameter h )
(3/π)1/2ú/(6πηsl), where ηs is the solvent viscosity. The
freely draining model (h ) 0) and the model with HI (h
) 0.25) have been considered. The last case corresponds
to the value of the monomer hydrodynamic radius a )
0.257l.19

In this study we use dimensionless quantities where
length l, energy kbT, time úl2/kbT, and translational
friction of a single bead ú ) 6πηsa are set to unity. The

dimensionless integration step is equal to ∆t ) 10-4.
This value of ∆t was chosen to have the maximum
displacement of a bead less than 10% of the bond length.

To keep the bond length at some fixed distance l the
SHAKE algorithm28 is used with the tolerance T ) 2 ×
10-6.

To generate the initial configuration of a dendrimer
the procedure suggested by Murat and Grest16 was used
here. Generation g ) 0 is created by attachment of b )
3 chains of s ) 1 monomers each to the core at three
randomly chosen points. Each bead is connected to the
similar one by rigid bond l. The next generation is made
by adding of b - 1 bonds to each of the terminal beads
of the previous generation. The distance r between the
last added monomer and all monomers of the previous
generations was chosen as r g rmin ) 0.8σ to avoid the
beads overlapping. If a bead cannot be inserted after
500 trials, the whole dendrimer is discarded, and the
process is started again with a new random-number
seed.

After the generation of the initial configuration, a
dendrimer was equilibrated for 5 × 105-106 time steps.
The length of the equilibration procedure depends on
the size of a dendrimer and on the salt concentration
in solution. The equilibration was controlled by measur-
ing the instant values of the squared gyration radius,
Rg

2. The length of the equilibration procedure was 2
orders of magnitude larger than the characteristic
relaxation time of the correlation function CRg

2(t) for the
squared gyration radius (see eq 19 below). After the
equilibration, 9-11 production runs of 106 integration
steps each have been performed. The final configuration
of each run served as the starting configuration of the
next run. The calculated statistical characteristics have
been obtained by averaging the results through all
production runs.

3. Dynamical Properties
All dendrimer motions may be divided into three main

types: (1) translational and orientational motions of a
dendrimer as a whole (global motions); (2) fluctuations
of the dendrimer size and shape (elastic motions); (3)
local motions with scales corresponding to the length
of only a few monomer units. These types of motions
will be discussed separately in the following sections of
the paper.

3.1. Global Motions. 3.1.1. Translational Self-
Diffusion. To study the translational diffusion of a
dendrimer, we calculated the time dependence of the
mean-squared displacement 〈∆rC

2(t)〉 of its center of
mass. The self-diffusion coefficient D of a dendrimer as
a whole can be estimated from the slope of this depen-
dence as

for the displacements exceeding the squared gyration
radius, 〈∆rC

2(t)〉 > Rg
2. In this region the dependence of

〈∆rC
2(t)〉 is linear with time for neutral and charged

dendrimers (see Figure 1 for neutral dendrimers). Due
to the limitation of the CPU time, we have succeeded
to obtain reliable data in this region only up to g ) 3
and g ) 4 dendrimers for a free-draining model and a
model with HI, correspondingly.

The simulated dependence of the self-diffusion coef-
ficient D vs 1/N for a free-draining model and for a

Uj
C

kbT
) λBz2∑

i)1

NT exp(-rij/rD)

rij

(7)

λB ) e2

4πεkbT
(8)

1/rD
2 ) 4πλB∑

i

cizi
2 (9)

Dii
(Râ)0 ) (kbT/ú)δRâ (10)

Dij
Râ ) h(π/3)1/2(3kbT/4ú)(l/Rij)[(δRâ +

Rij
RRij

â

Rij
2 ) +

2a2

3Rij
2 (δRâ -

3Rij
RRij

â

Rij
2 )] (11a)

Dij
Râ ) (kbT/ú)[(1 -

9Rij

32a)δRâ + 3
32a

Rij
aRij

â

Rij
2 ] (11b)

D ) 1
6

d〈∆rC
2(t)〉

dt
(12)
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model with HI are plotted in Figure 2a. Here and
further the error bars are within the size of the symbols
which are used to represent the simulated data. For a
Brownian particle with translational friction coefficient
úself D is equal to (kbT/úself). For a free-draining model
of a dendrimer úself is a sum of the friction coefficients
ú of N beads,

and D ) (kbT/Nú). Indeed, the slope of the simulated
dependence D(1/N) for a free-draining model is close to
unity, Figure 2a.

For a model with HI the simulated values of D are
larger than for a free-draining one. The slope of the
dependence of D vs 1/N is approximately equal to 0.35.
It is related to the partial dragging of the solvent by
the moving molecule due to the presence of HI. If a
dendrimer can be considered as an impenetrable sphere
of radius Rh (hydrodynamic radius of the dendrimer),
the friction coefficient úself is described by Stokes’
equation (remember that ú ) 6πηa ) 1 in our model):

Using eq 14, the hydrodynamic radius could be
independently calculated from the BD data for the
diffusion coefficient. It occurs that Rh is smaller than
Rg, Table 1. For a dense spherical particle the hydro-
dynamic radius Rh should be proportional to the gyra-

tion radius Rh ∼ Rg ) x〈Rg
2〉. The dependence of D vs

1/Rg is plotted in Figure 2b, where a power-law
dependence with a slope 0.8 instead of unity is observed
(Rh ∼ Rg

0.8).

As was shown by Ganazzoli et al.,29 the condition of
Rh < Rg is valid both for ideal (without excluded-volume
interactions) dendrimers and for dendrimers in a good
solvent. This result was obtained in the framework of a
self-consistent free-energy minimization with the hy-
drodynamic radius Rh calculated using the Zimm ap-
proach with preaveraged HI. Cai and Chen13 have
calculated the diffusion coefficient D for a dendrimer
model with a hard-core interparticle potential and
preaveraged HI (MC simulation was used in ref 13 also
to carry out the thermodynamical averaging). It was
shown that the value of D depends on the ratio d2/l2,
where d is the diameter of a bead. In our model we can
put d ≈ σ and d2/l2 ) 0.64. At d2/l2 ) 0.5, theory13

predicts a g-dependence of D close to that from this
study (Figure 3).

The self-diffusion coefficient of dendrimers was cal-
culated also with MD simulation by Karatasos et al.17

They considered a dendrimer model in a solvent corre-
sponding to the θ-conditions for a linear chain, with
spacers consisting of two elastic springs. The ratio d/l
was chosen close to unity. Scaling relation D ∼ N-0.5

was obtained in agreement with the Zimm theory13 for
the value of d/l ≈ 1 (instead of D ∼ N-0.35 in this study,
where d/l ) 0.8). Therefore, we can conclude that the
dependence of the diffusion coefficient D on the genera-
tion number agrees well with predictions of the preav-
eraged Zimm approach. The difference in the numerical
values can be explained by the difference in the form of
the excluded volume potentials (hard-core potential in
the Zimm theory13 and soft Lennard-Jones potential in
this study).

Rietveldt and Bedeaux30 determined the self-diffusion
coefficient D0 in a very dilute solution of up to g ) 5
generations poly(propylene imine) dendrimers in metha-
nol by NMR method. The power law D0 ∼ N-R has been
obtained in ref 30 with R ) 0.36 at T ) 40 °C and R )
0.38 at T ) 25 °C. At T ) 5 °C the fit of their data gives
R ) 0.32. The recent NMR results of Baille et al.31 give
R ) 0.40 for dilute solutions of poly(propylene imine)
dendrimers in poly(vinyl alcohol) at T ) 25 °C and R )
0.39 at T ) 5 °C. Thus, the molecular-weight depen-

Figure 1. Time dependence of the mean-squared displace-
ment 〈∆rC

2(t)〉 of the center of mass for neutral g ) 0-4
dendrimers.

Figure 2. Self-diffusion coefficient D for (a) the free-draining model and model with HI, neutral dendrimers, as a function of
1/N and for (b) the model with HI, h ) 0.25, neutral and charged dendrimers, as a function of 1/Rg.

Table 1. Values of the Hydrodynamic Radius Rh and the
Average Radius of Gyration Rg )

x〈Rg
2〉 for Dendrimers with Hydrodynamic Interactions

g Rh Rg

0 0.57 ( 0.02 0.79 ( 0.02
1 0.86 ( 0.03 1.26 ( 0.03
2 1.08 ( 0.05 1.74 ( 0.05
3 1.33 ( 0.07 2.24 ( 0.07

úself ) Nú (13)

úself ) 6πηRh ) Rh/a (14)
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dence of the simulated self-diffusion coefficients from
this study is in a very good quantitative agreement with
known experimental results.

For a free-draining model the self-diffusion coefficient
for charged dendrimers coincides with that for neutral
ones as expected. For a model of a charged dendrimer
with HI the values of D decrease a little, but the
relationship Rh ∼ Rg

0.8 remains to be valid.
3.1.2. Rotation of a Dendrimer as a Whole. The

rotational mobility of a dendrimer as a whole can be
characterized by the correlation function Crot(t)

where ebg ) (QBg/|QBg|) is a unit vector directed along the
position vector QBg for terminal monomers with respect
to the core:

Here rbt represents the position of an arbitrary terminal
tth monomer for a g-generation dendrimer and the
vector rb0 represents the position of the dendrimer core.
Averaging in eq 15 is performed over all terminal
groups.

Figure 4a illustrates a typical time dependence of
Crot(t) for g ) 4 dendrimers. The time dependence of
ln Crot(t) is close to linear. The relaxation times τrot of
Crot(t) are determined as Crot(τrot) ) 1/e and shown in
Figure 4b. Relaxation times increase with increase of
the generation number. For a solid spherical body with
radius R in a viscous medium τrot ∼ R3. For a dendrimer
model with HI we obtain the same result when R is

taken to be equal to Rg. For charged dendrimers the
time τrot is slightly larger reflecting some swelling of a
dendrimer under charging.

3.1.3. Relaxation of a Monomer-to-Core Vector.
Cai and Chen12,13 considered the relaxation of a mono-
mer-to-core vector QBg. The corresponding correlation
function is defined as

The characteristic relaxation times τr for the function
CQ(t) were calculated. For an ideal dendrimer (Rouse
model) the following expression was derived:

Here K is the effective force constant for a spring
connecting two neighboring branching points (K ) 3kbT/
l2, l2 is the mean-squared distance between branching
points) and ú is the monomer friction coefficient. The
number of monomers N in a generation g dendrimer is
proportional to 2g+1. Therefore, eq 18 predicts the linear
dependence τr vs N. Note that for a Rouse model of a
linear chain with N monomers the relaxation time of
an end-to-end vector scales as N2. For a dendrimer with
HI Cai and Chen calculated these times by using the
preaveraged Zimm approach.13 The dependence τr vs N
for d/l ) x0.5 is shown in Figure 5a. The log-log
dependence is linear with slope ∼1.1, a little larger than
for an ideal dendrimer.

We calculated correlation functions CQ(t) for our
model, Figure 4a. Values of τr for neutral dendrimers
with and without HI are shown in Figure 5a. For a free-
draining model of dendrimers with excluded-volume
interactions we obtained the dependence τr ∼ N1.6,
Figure 5a, as compared to the much weaker dependence
τr ∼ N obtained by Cai and Chen12 for an ideal
dendrimer. The weaker molecular-weight dependence
of the relaxation time τr obtained by Cai and Chen is
probably related to the absence of the excluded-volume
interactions in their phantom model.12

BD simulation of dendrimers with HI gives a weaker
dependence of τr vs N, τr ∼ N1.3, as compared to the free-
draining case, but stronger than that predicted by Cai
and Chen13 (Figure 5a).

To understand the origin of the difference between
the calculations of Cai and Chen12,13 and simulated

Figure 3. Dependence of the self-diffusion coefficient D of
neutral dendrimers on the generation number for a model with
HI. Results of Cai and Chen13 for a dendrimer with excluded-
volume interactions and preaveraged HI (Zimm approxima-
tion) at different values of ratio d2/l2 are shown also.

Figure 4. (a) Time dependence of the correlation functions Crot(t) and CQ(t) for g ) 4 dendrimer, model with HI. (b) Dependence
of the relaxation times τrot and τr on the generation number g, model with HI. Lines connecting symbols are drawn as a guide to
the eye.

CQ(t) )
〈QBg(0)QBg(t)〉

〈Qg
2〉

(17)

τr ) 2g+2ú/K (18)

Crot(t) ) 〈ebg(0)ebg(t)〉 (15)

QBg ) rbt - rb0 (16)
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values of τr in this paper, one has to have in mind that
the relaxation of τr is due to the rotation of a dendrimer
as a whole and due to the internal motions. Comparison
of the simulated values of τr and τer for neutral den-
drimers shows that they coincide both for a free-
draining model and a model with HI, Figure 4b. Thus,
the relaxation of a monomer-to-core vector in our model
is determined by the rotation of a dendrimer as a whole.
Cai and Chen12,13 used dendrimer models with flexible
spacers for which the contribution of internal motions
to the relaxation of a monomer-to-core vector is signifi-
cant. That is why for dendrimers with flexible spacers
a weaker dependence τr(N) is observed as compared to
the dendrimer with rigid spacers in this study, Figure
5a.

For charged dendrimers with HI relaxation times τr
also coincide with τer (see Figure 4b for rD ) 1.54). These
times weakly increase with the increase of rD, achieving
saturation at large rD, Figure 6. However, the value of
the exponent ν ∼ 1.3 in the dependence τr ∼ Nν is found
to be the same as for the neutral dendrimers, Figure
5b.

3.2. Dendrimer Elastic Motions. 3.2.1. Autocor-
relation Function of the Gyration Radius. The
dynamics of the fluctuations of the dendrimer size can
be characterized by the correlation function CRg

2(t) for
the squared radius of gyration:

The relaxation of CRg
2(t) occurs only due to the internal

motions; the rotation of a dendrimer as a whole does
not contribute to the relaxation of CRg

2(t). Figure 7a
illustrates a typical time dependence of CRg

2(t) for
neutral g ) 1-3 dendrimers. The time dependence of
ln CRg

2(t) is close to linear.
Characteristic times τRg

2 determined as CRg
2(τRg

2) ) e-1

are shown in Figure 7b. The relaxation times τRg
2 are

significantly smaller than τr (Figure 5). Murat and
Grest16 in their MD study also obtained that τRg

2 < τr.
At the same time for the models considered by Cai and
Chen with and without HI12,13 τRg

2 coincides with τr. For
the free-draining model of a dendrimer12 the equality
τRg

2 ) τr is related to the fact that the phantom
viscoelastic model without excluded-volume interaction
was used. For the model with preaveraged HI and
excluded-volume interactions Cai and Chen13 noted that
the equality τRg

2 ) τr is an artifact of the theory due to
the use of a linearized version of the Langevin equation
and τRg

2 should be smaller than τr in the real dendrimer
systems. Results of the present BD simulations confirm
this conclusion. It is interesting to note that in contrast
to the predictions of Cai and Chen12,13 the simulated
times are not changed significantly by taking into
account HI explicitly. It means that the relaxation times

Figure 5. Dependence of the relaxation time τr on the total number of monomers (a) for the free-draining model and model with
HI with neutral dendrimers (results of Cai and Chen12,13 shown by solid lines; value of d/l ) 0.5 chosen for the model with HI)
and (b) for the charged dendrimers with different Debye lengths, model with HI.

Figure 6. Dependence of the relaxation time τr on Debye length rD for charged (a) g ) 2 and (b) g ) 3 dendrimers, model with
HI. The value of the relaxation time is almost constant at rD g 2.

CRg
2(t) )

〈Rg
2(0)Rg

2(t)〉 - 〈Rg
2〉2

〈Rg
4〉 - 〈Rg

2〉2
(19)
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τRg
2 are related to the local motions in a dendrimer,

which, as will be shown below, weakly depend on HI.
The dependence of the relaxation times τRg

2 on the
number of monomers N is weaker than that predicted
by Cai and Chen,12,13 Figure 7b. Weak (especially for
large values of N) dependence τRg

2(N) agrees with the
BD simulation results for neutral dendrimers.19 The
relaxation times obtained in neutron-scattering experi-
ments of Stark et al.8 for carbosilane dendrimers as well
as the relaxation times estimated from the times T1 and
T2 in NMR experiments for PAMAM dendrimers10-11

also show weaker dependence on g in comparison to the
predictions of Cai and Chen.12,13

Weak dependence τRg
2(N) for a model with HI can be

understood if we consider the dendrimer as an elastic
spherical body in a viscous medium. The characteristic
times τsph of the shape relaxation can be written in this
case as

where ú ∼ R and K are the friction and the elasticity
coefficients, respectively. It is easy to show that K ∼
ER, where E is the Young modulus. Therefore, the
large-g dendrimer with HI may be considered as an
impenetrable sphere, and τsph does not depend on R in
agreement with the results from this study. For a free-
draining dendrimer such a model predicts larger values
of τRg

2(N) as compared to those for a model with HI due
to the increased friction coefficients. Simulation results
agree with this prediction, Figure 7b. The simulation
data have been collected only for the low-g dendrimers,
and a definite conclusion about the dependence τRg

2(R)
is difficult to make.

For charged dendrimers increasing of the Debye
length leads to decreasing of the relaxation time τRg

2,
Figure 8. Electrostatic repulsion increases the internal
strain and, therefore, effective rigidity of a dendrimer,
which, in turn, leads to a decrease of the corresponding
characteristic times, Figure 8.

3.2.2. Relaxation of Fluctuations of the Center-
of-Mass-to-Core Vector. Cai and Chen12 considered
the relaxation of fluctuations of the center-of-mass-to-
core vector SB

The corresponding autocorrelation function CS is defined
as

and characterized by the relaxation time τcom. The
approximate expression for τcom for the free-draining
Rouse model of a dendrimer12 was derived as τcom ∼
ú/((3/l2)(3 - 2x2cos(π/(g + 1)))). We examine the func-
tion CS for the models in this study. The corresponding
values of τcom vs g are plotted both for neutral, Figure
9a, and charged, Figure 9b, dendrimers. To compare the
results of BD simulation with the theoretical predictions
a mean-squared spacer length l2 in the expression for
τcom was taken equal to the squared bond length. A
drastic difference is seen between the theoretical and
simulated dependence, Figure 9a. The Rouse model
predicts a practically linear increase of τcom with the
generation number g. Simulated relaxation times τcom
at small g are larger than theoretical ones and then go
through the maximum and decrease at larger g. It is
interesting that the simulated relaxation times show the
similar behavior for dendrimers both with and without
HI. For charged dendrimers the character of the depen-
dence τcom(g) remains qualitatively the same, but all
times decrease with the increase of Debye length, Figure
9b.

We suppose that the difference between the depend-
ences of the relaxation times τcom vs g obtained in this
study and by Cai and Chen12 is related to the spacer
flexibility. For flexible spacers in the Rouse model12 the
increase of the generation number g leads to an increase
of the relaxation times τcom due to the increase of the
friction coefficient of the whole dendrimer. For the
dendrimer model considered in this study spacers are

Figure 7. (a) Time dependence of correlation function CRg
2(t) for neutral g ) 1-3 dendrimers, model with HI. (b) Dependence of

the relaxation time τRg
2 on number of monomers N for neutral dendrimers. Dependence of τr(N) and τRg

2(N) obtained by Cai and
Chen12,13 for the model without and with HI and excluded-volume interactions is also shown.

τsph ) ú
K

(20)

SB )
1

N + 1
∑
i)0

N

(rbi - rb0) (21)

Figure 8. Dependence of the relaxation time τRg
2 on the Debye

screening length for g ) 3-5 dendrimers, model with HI.

CS(t) )
〈SB(0)SB(t)〉

〈S2〉
(22)
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rigid. So, the increase of the generation number leads
also to the increase of the internal strain in the
dendrimer. That is why the dependence of the relaxation
times τcom on the generation number g is nonmonotonic,
Figure 9.

3.3. Local Dynamics. 3.3.1. Internal “Pulsations”.
It is interesting to consider the motions of monomers
belonging to the same generation shell gint inside the g
generation dendrimer. The dynamics of these internal
“pulsations” in a dendrimer can be characterized by the
correlation function Cgint for the squared distance hi

2 )
(rbi - rb0)2 between a core rb0 and the monomers with
position rbi of a given generation shell inside the den-
drimer:

Here Ngint is the number of beads in the corresponding
generation shell. Simulated characteristic times τint for
this function for gint ) 1 in dendrimers with different
number of exterior generations gext ) g - gint are shown
in Figure 10. Relaxation times τint do not depend on the
number of exterior generations. Only for large values
of the Debye length τint decreases with increase of gint.
Additional stretching of a dendrimer due to the elec-
trostatic repulsion between charged terminal monomers
leads to the decrease of the fluctuations of internal
motions and to the faster decrease of τint. It would be
interesting to study the influence of the number of
exterior generations on the pulsations of more distant
shells, gint > 1. For this purpose the simulations of
larger dendrimers are necessary.

3.3.2. Local Orientational Mobility. The local
orientational mobility of a single bond inside the den-
drimer can be probed by the orientational autocorrela-
tion functions P1 and P2

where bBi(t) is the unit vector directed along the ith bond.
For a single rigid dumbbell there is a simple relation

between P1 and P2:32

This relation turns out to be valid for all monomers
inside both neutral and charged dendrimers, without
and with HI (see as example Figure 11 for the model
with HI).

In what follows we analyze the behavior of P1(t) only.
Results of the BD simulations show that changing of
the Debye length, Figure 12, and the presence of
hydrodynamic interactions, Figure 13, affect mainly the
orientational behavior of the bonds of the first genera-
tion shell (bonds which are directly attached to the core).
Such an influence becomes weaker for the bonds of all
other generations. Existence of HI leads to the faster
relaxation, Figure 13. Influence of the HI becomes
stronger for the dendrimers of large generation number
(g > 3). Increase of the Debye length leads to slower
relaxation of P1, Figure 12. We suppose that two
processes contribute to the relaxation of P1. The initial

Figure 9. Dependence of the relaxation time τcom on the generation number g both for (a) the neutral, free-draining model and
the model with HI and (b) neutral and charged dendrimers, model with HI.

Figure 10. Dependence of the “internal pulsation” relaxation
time τint for the monomers belonging to the generation shell
gint ) 1 on the number of exterior generations gext, model with
HI. Solid lines are shown here as guides to an eye.

Cgint
)

1

Ngint

∑
i

〈hi
2(0)hi

2(t)〉 - 〈hi
2〉2

〈hi
4〉 - 〈hi

2〉2
(23)

Figure 11. Time dependence of the autocorrelation functions
P2 and P1

3 for a neutral g ) 5 dendrimer, model with HI. Bonds
1-3 are attached to the core, and bonds 94-189 are the
terminal bonds of a g ) 5 dendrimer.

P1(t) ) 〈bBi(0)bBi(t)〉 (24)

P2(t) ) 3
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stage of the relaxation (up to t ∼ 0.1-0.2) may be
determined by the fast internal “pulsation” motions of
monomers. The final part of the relaxation is related to
the global rotation of the dendrimer as a whole.

The maximum rate of the P1(t) relaxation is observed
for the terminal groups, Figure 14. With the exception
of g ) 0 dendrimer, the shape of P1(t) is similar for
dendrimers of different generations and HI does not
influence the P1(t) relaxation of these groups, Figure
14a.

MD simulations of Karatasos et al.17 for a dendrimer
with spacer length s ) 2 also show the independence of
the orientational mobility of terminal groups on the
dendrimer size up to generation g ) 6. A small sensitiv-
ity of the rotational mobility of the terminal groups to
the number of generations was demonstrated experi-

mentally by Stark et al.8 for dendrimers with perflu-
orinated terminal groups. For a charged dendrimer P1(t)
for terminal groups also does not depend on the total
number of generations. Weak deceleration of P1(t)
relaxation is observed with increase of the Debye length
(see Figure 14b for g ) 5 dendrimer). Such a behavior
can be explained by the stretching of a dendrimer due
to the electrostatic repulsion which leads to an increase
of the interconnection between the orientational motions
of terminal groups and a rotation of a dendrimer as a
whole.

4. Conclusions

The BD simulation of neutral and charged dendrimers
of generations g ) 0-5 with rigid spacers between
branching points and explicit hydrodynamic and ex-
cluded-volume interactions has been carried out. The
molecular-mass dependence of the self-diffusion coef-
ficient of neutral dendrimers is in a satisfactory agree-
ment with theoretical predictions for the model with
preaveraged HI13 and in a very good quantitative
agreement with recent NMR results30,31 for dilute solu-
tions of poly(propylene imine) dendrimers. Due to the
rigid character of the dendrimer model increase of the
scale of electrostatic interactions (Debye length) does
not lead to a significant change of the translational
mobility of a dendrimer as a whole. The hydrodynamic
radius both for neutral and charged dendrimers turns
out to be less than gyration radius.

Dynamics of the size fluctuations for a dendrimer with
rigid spacer differs principally from the theoretical
predictions for a dendrimer with flexible spacers. The
relaxation of these fluctuations is weakly sensitive to
the presence of HI and turns out to be considerably
faster. The dendrimer behavior is close to that of an
elastic body in a viscous medium. Electrostatic interac-
tions increase the internal strain and effective rigidity
of a dendrimer, which, in turn, lead to a decrease of the
corresponding characteristic relaxation times. It would
be interesting to simulate the dynamics of dendrimers
of larger generations with longer and more flexible
spacers in the future. One could expect some increase
of the relaxation time τRg

2 for neutral dendrimers and
stronger effect of electrostatic interactions with an
increase of spacer flexibility.

Orientational mobility of bonds corresponding to the
different generations of shells inside the dendrimer
increases from the core to the periphery. Mobility of the
terminal groups does not depend on the generation
number, in agreement with the neutron-scattering
experimental results8 for carbosilane dendrimers. For
the rigid dendrimer model of this study the mobility of

Figure 12. P1 autocorrelation function for the bonds attached
to the core of a g ) 5 dendrimer at different values of Debye
length, model with HI.

Figure 13. P1 autocorrelation function for the bonds attached
to the core for neutral dendrimers of different generations with
and without HI.

Figure 14. P1 autocorrelation function for terminal groups of (a) neutral g ) 0-5 dendrimers, h ) 0.25, and h ) 0 and of (b)
neutral and charged g ) 5 dendrimer, h ) 0.25, with different values of Debye length.
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the terminal bonds is weakly sensitive to the value of
the Debye length. For flexible dendrimers we also expect
higher sensitivity of this type of motion to the strength
of electrostatic interactions.
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